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Abstract: Electrostatic Force Microscopy has been shown to be a useful tool to determine the dielectric 
constant of insulating films of nanometer thicknesses that play a key role in many electrical, optical and 
biological phenomena. Previous approaches make use of simple analytical formulae to analyse the 
experimental data for thin insulating films deposited directly on a metallic substrate. Here we show that the 
sensitivity of the EFM signal to changes in the dielectric constant of the thin film can be enhanced by using 
dielectric substrates with low dielectric constants. We present detailed numerical calculations of the tip-
sample electrostatic interaction in the following set-up: the insulating thin film, a dielectric substrate (or 
spacing layer) of known low dielectric constant and a metallic electrode.  The EFM sensitivity to the 
dielectric constant increases with the thickness of the spacing layer and saturates for thicknesses above 100-
300 nm, when it is close to that of an infinite medium.  
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1. Introduction 
Understanding the electric field distribution in nanostructured thin films is a key issue in nanoscience 
nowadays. 1 By applying a voltage between a force microscope tip and a sample, electrostatic force microscopy 
(EFM) 2,3,4,5,6,7,8,9 has been used to analyze different properties of thin films10,11 at the nanoscale.12 EFM is 
currently used to determine the static dielectric constants of thin films of a few nanometers thickness directly 
deposited on a metallic electrode. The dielectric constant can be determined by comparison of the experimental 
results with simple analytical expressions13,14,15.  For metallic samples, the tip-sample interaction is very well 
understood and the force, as well as the force gradient, can be determined by using a simple analytical model.13 
The tip-sample interaction due to the thin film dielectric response can be considered as a perturbation of the 
reference system in absence of the thin film. In contrast with metallic substrates, the electrostatic interactions 
with dielectric samples depend on the macroscopic geometry of the tip-sample system and, although it is 
possible to compute it numerically16, no simple closed expressions are available. 
In this article, we analyze the effect of the experimental parameters of a sample composed by two dielectric 
layers (thin film and substrate) over a metallic plate. First, we develop a numerical method that is able to 
accurately calculate the electrostatic interaction between such as structure and an EFM tip. Focusing on the thin 
film dielectric constant estimation, we analyze the capability of the EFM (dielectric contrast)17,18,19, using both 
the electrostatic force F and force gradient G, as a function of the thin film thickness, sample dielectric constant 
and metallic plate distance. As we will show, the EFM sensitivity to changes of the dielectric constant of a thin 
dielectric film can be greatly enhanced when the film is deposited on a low dielectric constant substrate. 
 
2. Theoretical Background 
 
In a typical EFM setup, we have a metallic tip connected to a battery that applies a constant electric potential 
V0. The tip is placed over a sample at a tip-sample distance D. The tip is characterized by three geometrical 
parameters: The apex radius Rtip, the half-angle  and the length L. To solve electrostatic problems with this 
geometry, an algorithm called the Generalized Image Charge Method13,20 (GICM) has been developed. The 
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GICM replaces the surface charge density by a set of charges inside the metallic tip. The qi charge values are 
obtained by a standard least-squares minimization. Its efficiency has been demonstrated for systems where the 
sample includes objects such as Carbon Nanotubes21 or graphene22. In all of these cases, the influence of the 
sample has been included in the minimization by a set of image charges. 
In the case of a thin film, the sample is composed by three layers: 1) a dielectric thin film with dielectric 
constant 1 and thickness h1; 2) a dielectric substrate with dielectric constant 2 and thickness h2 and 3) a 
grounded metallic plate below the surface (see Figure 1). The image charges of such as structure are obtained by 
solving the Laplace/Poisson equation in cylindrical coordinates (z,,). In general, for every dielectric region of 
the sample, the electrostatic potential Vi can be written as 
𝑉𝑖 =
𝑞𝑖
4𝜋𝜀0
[∫ J0(kρ)(ψ𝑖(k)e
−Kz + θ𝑖(k)e
Kz)dk
∞
0
]       (1) 
where i and i are a set of coefficients that are obtained by applying the electrostatic boundary conditions 
(Vi=Vi+1 and iV’i=i+1V’i+1 where V is evaluated at the interface between regions i and i+1, i.e. zi,i+1) to the 
sample interfaces. In the case of the three layers sample, the coefficients take the following form (see figure 1 
for a graphic description of the three layers): 
?̃?θ0(𝐾) = (𝐶12−𝑒
−2𝐾ℎ2)𝑒−2𝐾𝑧12 − 𝐶1(1−𝐶12𝑒
−2𝐾ℎ2)𝑒−2𝐾𝑧01      (2) 
 
?̃?θ1(𝐾) =
2(𝐶12−𝑒
−2𝐾ℎ2)
𝜀1+1
𝑒−2𝐾𝑧12          (3) 
 
?̃?ψ1(𝐾) =
2
𝜀1+1
(1−𝐶12𝑒
−2𝐾ℎ2)         (4) 
 
?̃?ψ2(𝐾) =
4𝜀1
(𝜀1+1)(𝜀1+𝜀2)
          (5) 
 
?̃?θ2(𝐾) =
4𝜀1𝑒
−2𝐾𝑧23
(𝜀1+1)(𝜀1+𝜀2)
          (6) 
 
where  
 
?̃? = 1 − 𝐶12𝐶1𝑒
−2𝐾ℎ1 − (𝐶12−𝐶1𝑒
−2𝐾ℎ1)𝑒−2𝐾ℎ2       (7) 
 
and C1=(1-1)/(1+1); C12=(1-2)/(1+2). Once the coefficients have been obtained, Eq. (1) can be used to 
include the thin film and sample in the GICM minimization routine. Once we know the coefficients, we are able 
to solve the problem and obtain the electrostatic potential by direct integration of equation 1. The electrostatic 
4 
 
potential can be also written as a sum of image charges by applying (1+x)-1=Σ(-x)n (only valid when -1<x<1) to 
?̃?-1. In the general case, ?̃?-1 takes the following form: 
 
𝐻−1 = ∑ (𝐶12𝐶1)
𝑛∞
𝑛=0 𝑒
−2𝐾𝑛ℎ1 [1 + ∑ (
𝑛
𝑖
) (𝐶1)
−𝑖𝑛
𝑖=1 𝑒
−2𝐾𝑖(ℎ2−ℎ1) (1 + ∑ (
𝑖
𝑗
) (−
𝐶1
𝐶12
)𝑗𝑖𝑗=1 𝑒
−2𝐾𝑗ℎ1)] (8) 
 
Combining equation 1 and 8, we obtain three different series that comes from the three sums in equation 8. 
The first problem we find is that, in the case of ?̃?, the condition -1<x<1 is not always truth. However, it is easy 
to demonstrate that the system fits this condition in the limit 1>2. This condition will be found in most of the 
systems since the opposite limit (1>2) usually corresponds to the case where the substrate below the thin film 
is a metal and can be analysed by previous methods13. The second and most important problem is that the three 
series depend on each other and there is not a simple way to express them. We have found that, depending on 
the geometry of the sample, the sums can be combined in different ways to improve the performance of the 
computational simulations. However, in the limit h2→∞, ?̃?-1 takes the following form: 
 
?̃?−1 = ∑ (𝐶12𝐶1)
𝑛∞
𝑛=0 𝑒
−2𝐾𝑛ℎ1          (9) 
 
In this case, the condition -1<x<1 is valid for every possible value of C12, C1 and h. Combining equations 1 
to 8 and 9 we can finally show the electrostatic potential as follows: 
 
𝑉1 =
𝑞
4𝜋𝜀0
[
1
√𝜌2+(𝑧−𝑧𝑚)
2
−
𝐶1
√𝜌2+(𝑧+𝑧𝑚)
2
+
4𝐶12𝜀1
(𝜀1+1)
2
∑
(𝐶12𝐶1)
𝑛
√𝜌2+[𝑧+𝑧𝑚+2ℎ1(𝑛+1)]2
∞
𝑛=0 ]     (10)  
𝑉2 =
𝑞
4𝜋𝜀0
2
(𝜀1+1)
∑ (𝐶12𝐶1)
𝑛∞
𝑛=0 [
1
√𝜌2+(𝑧−𝑧𝑚−2𝑛ℎ1)2
+
𝐶12
√𝜌2+[𝑧+𝑧𝑚+2ℎ1(𝑛+1)]2
]     (11) 
𝑉3 =
𝑞
4𝜋𝜀0
4𝜀1
(𝜀1+1)(𝜀1+𝜀2)
∑ (𝐶12𝐶1)
𝑛∞
𝑛=0
1
√𝜌2+(𝑧−𝑧𝑚−2𝑛ℎ1)2
       (12) 
Where zm is the distance between the punctual charge and the thin film surface. 
One of the advantages of this formalism is that we can calculate the electrostatic force between the punctual 
charge and the sample by the interaction between the charge itself and the image charges obtained from V1. 
Another advantage is that we can develop expressions for the interaction between different charged elements 
such as linear charges by getting the value and position of the image charges from equations 10, 11 and 12. In 
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the limit h2→∞, Eq. (1) can be written as an infinite series of image charges. In this case, the electrostatic 
potential at the tip region can be written as V=Vq+V1,∞+Vtf where Vq is the potential of the punctual charge, V1, 
∞ is the image charge of a semiinfinite dielectric plane with =1 and Vtf is 
𝑉𝑡𝑓 =
𝑞
4𝜋𝜀0
4𝐶12𝜀1
(𝜀1+1)2
∑
(𝐶12𝐶1)
𝑛
√𝜌2+[𝑧+𝑧𝑚+2ℎ1(𝑛+1)]2
∞
𝑛=0        (13) 
where C1=(1-1)/(1+1), C12=(1-2)/(1+2). Figure 1 shows an equipotential distribution of a typical EFM tip 
over the three layers sample. 
 
3. Effect of the thin film thickness and substrate dielectric constant 
Our main goal is to determine the dielectric constant of the thin film assuming we know the rest of the 
system parameters. We have used an EFM tip described by V0=1V, Rtip=25nm, =17.5º and L=14m at a tip-
sample distance D=5nm (a typical EFM working distance). Let us define 11 and 12 as the 1 values that must be 
distinguished. In Figure 2 we show the electrostatic force as a function of 1 for different h1 values. The 
capability of the EFM to discriminate two 1 values depends on the difference between F(11) and F(12). To 
measure it, we define R[F] as the difference between F(11) and F(12) normalized to their average value F̅: 
𝑅[𝐹] =
2|𝐹(𝜀11)−𝐹(𝜀12)|
|𝐹(𝜀11)+𝐹(𝜀12)|
          (14) 
R[F] can be also defined for the gradient force by changing F to G in Eq. (14)  (i.e. R=R[G]). Figure 3 shows 
R[F] and R[G] as a function of 2 and h1 in the limit h2→∞. For any h1, both R[F] and R[G] increases when 2 
decreases. We can establish that low 2 values are a good choice for getting high contrast values. On the other 
side, focusing on the dependence of R[F] and R[G] with h1, we find that it is not uniform. Although, in general, 
R[F] and R[G] increases when h1 increases, we must take care of the limit of small 2 values (<4) and big h1 
values (>100nm). In this case, both R[F] and R[G] decrease when h1 increases. For example, when 2=2, 
R[F](h1→∞)=42,75% and R[F](h1=1m)=45.21%. It is worth noting that R[F] is still much smaller when h1 is 
small (R[F] (h1=1nm)=5.85%). As we can see in the insets of Figure 3, in the limit 2→1, both R[F] and R[G] 
decreases when h1 increases. 
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Another point that must be taken into account is the negative effect of reducing 2 on the absolute value of F 
and G. As we can see in figure 4, both |F| and |G| strongly decreases when 2 decreases. Focusing, for example, 
on h1=1nm, we can see that R[F] changes from R[F]=0.9% when 2=20 to R[F]=66.25% when 2=1. However, 
the absolute value of F is strongly reduced from 2=20 (F=98.6pN) to 2=1 (F=0.28pN). This collateral effect 
can be reduced, for example, by increasing V0 since both F and G are proportional to V02. On the other side, 
both R[F] and the absolute value of F increase when h1 increases (same happens with the gradient force G). As 
we can see comparing Figure 3(a) and 3(b), the gradient force is a better choice than the electrostatic force since 
R[G] is always bigger than R[F]. 
 
4. Finite dielectric substrate influence 
 
In Figure 5(a) we analyze the effect of h2 (i.e. the distance of the metallic plate) for different 2 and a 
h1=2nm. In general, both R[F] and R[G] increase when h2 increases. However, as we can see in the figure, this 
effect is very different depending on the measured magnitude and the experimental setup. Focusing on both the 
gradient force, the effect is only relevant when h2<300nm. On the other side, h2 has a strong influence when the 
measured magnitude is F, especially for small 2 values (for 2=1, F(tip) does not vanish until D>50m). To 
understand this effect, we use the analytical model proposed by Sacha et al14 for a thin film over a metallic 
sample. In this case, F can be written as the sum of two independent contributions: F=-[F1(L,)+F2(Rtip,D,1,h1)]. 
This approximation is very convenient for our analysis since it isolates the contribution of the macroscopic 
shape of the tip (L and θ only modifies the first term F1). Deriving this equation, we obtain G=dF/dD=-F2’. Now 
we can deduce that R[F] is proportional to [F2(11)-F2(12)]/[F1+F2(11)+F2(12)] and R[G] is proportional to 
[F2’(11)-F2’(12)]/[F2’(11)+F2’(12)]. In this model, high F1 values reduces R[F], without making any change to 
R[G]. The behavior of F1 is described in Figure 5(b), where we show F as a function of the tip sample distance 
for a sample where h2=300nm for both a macroscopic tip F(tip) and a sphere F(sphere) (F1=0 for spherical tips). 
As we can see, F(sphere) vanishes at very small tip-sample distances (D+h2≈300nm), showing that F1 (i.e. the 
macroscopic shape of the tip) is the main contribution when D+h2>>Rtip. Moreover, R[F] is especially affected 
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by F1 when 2 is small since, in this case, the dielectric substrate cannot block the electric field before it reaches 
the metallic plate. 
 
5. Conclusions 
In conclusion, we have presented detailed numerical calculations of the tip-sample electrostatic interactions 
in the following set-up: the insulating thin film, a dielectric substrate (or spacing layer) of known low dielectric 
constant and a metallic electrode. We have shown that the sensitivity of the EFM signal to changes in the 
dielectric constant of the thin film can be greatly enhanced by using dielectric substrates with low dielectric 
constants. We have demonstrated that, although placing the thin film over samples with a very low dielectric 
constant decreases the absolute value of the interaction, the contrast increases. For h1=1nm, the contrast 
increases more than 60% from 2=∞ to 2=1. On the other side, the thin film thickness is directly proportional to 
both the contrast and the absolute value of the interaction. Exceptionally, the increasing of the contrast changes 
its tendency for very low values of the dielectric constant of the sample and high values of the thin film 
thickness. Focusing on the substrate thickness, the EFM sensitivity to the dielectric constant increases with the 
thickness of the spacing layer and saturates for thicknesses above 100-300 nm, when it is close to that of an 
infinite medium.  
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FIGURE 1. Equipotential distribution between an EFM tip and a 3 layers sample: thin film, dielectric substrate and 
grounded metallic plate. 1=20 2=5. 
  
9 
 
 
FIGURE 2. Electrostatic force as a function of the thin film dielectric constant for different thin film thicknesses. 
Equipotential lines are also shown for the two dielectric constant 11 and 12 that must be distinguished and a thickness of 
10nm.  
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FIGURE 3. R[F] (a) and R[G] (b) as a function of the substrate dielectric sample and the thin film thickness (inset). 
Vertical lines of the main figure indicates de profiles followed in the inset. h2=∞. 11=10, 12=20. V0=1V. L=14m, 
=17.5º, Rtip=25nm. D=5nm. 
  
11 
 
  
 
FIGURE 4. (a) Electrostatic force F as a function of the substrate dielectric constant and the thin film thickness (inset). 
(b) Vertical gradient force as a function of the substrate dielectric constant and the thin film thickness (inset). In both 
figures we used. h2=∞. 1=20, V0=1V. L=14m, =17.5º, Rtip=25nm. D=5nm 
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FIGURE 5. (a) R[F] (continuous lines) and R[G] (dashed lines) as a function of the dielectric substrate thickness for 
different susbtrate dielectric constants. Inset show R[F] when 2=1 for a wider scale. D=5nm, h1=2nm, V0=1V. (b) 
Electrostatic force vs tip-sample distance for a sphere and a macroscopic tip. Inset shows the electrostatic force for the two 
1 values that must be distinguished. As shown in the inset, the distance between F(11) and F(12) is proportional to the 
magnitude R[F]..  
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